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BICHROMATIC LINES IN THE PLANE
MICHAEL S. PAYNE
Abstract. Given a set of red and blue points in the plane, a bichro-
matic line is a line containing at least one red and one blue point. We
prove the following conjecture of Kleitman and Pinchasi (unpublished,
2003). Let P be a set of n red, and n or n− 1 blue points in the plane.
If neither colour class is collinear, then P determines at least |P | − 1
bichromatic lines. In fact we are able to achieve the same conclusion
under the weaker assumption that P is not collinear or a near-pencil.
1. Introduction
In this paper we consider sets of red and blue points in the Euclidean
plane. If P is such a set, a line containing two or more points of P is said
to be determined by P . A line determined by at least one red and one blue
point is called bichromatic.
In 2003, Kleitman and Pinchasi [4] studied lower bounds on the number of
bichromatic lines under the assumption that neither colour class is collinear.
They made the following conjecture.
Conjecture 1 (Kleitman–Pinchasi Conjecture). Let P be a set of n red,
and n or n− 1 blue points in the plane. If neither colour class is collinear,
then P determines at least |P | − 1 bichromatic lines.
This conjecture is tight for the arrangement of n − 1 red and n − 1 blue
points on a line, along with one red and one blue point off the line, and
collinear with some point on the line.
In 1948, de Bruijn and Erdo˝s [1] proved that every non-collinear set of
n points in the plane determines at least n lines. In fact, they proved this
result in a more general combinatorial setting.
Theorem 2 (de Bruijn and Erdo˝s). Let S be a set of cardinality n and
{S1, . . . , Sk} a collection of subsets of S such that each pair of elements in
S is contained in exactly one Si. Then either S = Si for some i, or k > n.
As noted by de Bruijn and Erdo˝s, the special case where S is a set of points
in the plane and the Si are the collinear subsets of S is easier to prove than
the general theorem. It follows by induction from the well-known Sylvester-
Gallai Theorem (actually first proven by Melchior [5]), which says that every
finite non-collinear set of points in the plane determines a line with just two
points. As motivation, Kleitman and Pinchasi note that together with the
following theorem of Motzkin [6], Conjecture 1 would imply the plane case
of Theorem 2.
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2 BICHROMATIC LINES IN THE PLANE
Theorem 3 (Motzkin). Every non-collinear set of red and blue points in
the plane determines a monochromatic line.
Kleitman and Pinchasi [4] came very close to proving Conjecture 1, es-
tablishing the following theorem.
Theorem 4 (Kleitman and Pinchasi). Let P be a set of n red, and n or
n − 1 blue points in the plane. If neither colour class is collinear, then P
determines at least |P | − 3 bichromatic lines.
Purdy and Smith [7] proved Conjecture 1 for n > 79. We will establish
the following strengthening of Conjecture 1.
Theorem 5. Let P be a set of n red, and n or n − 1 blue points in the
plane. If P is not collinear or a near-pencil, then P determines at least
|P | − 1 bichromatic lines.
2. Preliminaries
We begin with a few useful observations.
Lemma 6. Suppose P is a set of n red and n (or n − 1) blue points, and
suppose there is a line L with r red and b blue points. Let r′ = min{n− r, b}
and b′ = min{n − b, r} (or b′ = min{n − 1 − b, r}). Then the number of
bichromatic lines is at least
r′−1∑
i=0
b− i+
b′−1∑
i=0
r − i = br′ − 1
2
r′(r′ − 1) + rb′ − 1
2
b′(b′ − 1) .
Moreover, if b + r < n, then r′ = b, b′ = r and the number of bichromatic
lines is at least (b2 + b + r2 + r)/2. If L is itself bichromatic we may add
one more to these totals.
Proof. The bichromatic lines with a red point on L are distinct from those
with a blue point. To count those with a red point, take any b′ blue points
not on L. Order these blue points p1, p2, p3, . . . , pb′ . There are r lines from
p1 to the red points on L. For p2 there are also r such lines, but p1 may lie
on one of them (but not more). So there are r − 1 lines that were not yet
counted. Similarly, for p3 there are at least r− 2 lines that are not counted
previously, and for pi there are r − i+ 1. 
Proposition 7. There is no counterexample to Theorem 5 with one colour
class collinear.
Proof. Suppose one colour class lies on a line L. If red is collinear, then using
a similar idea to the proof of Lemma 6 we see that there are at least n+(n−1)
bichromatic lines, unless there is only one blue point not on L. In that case
P is a near-pencil. If blue is collinear and there are n blue points, the same
argument applies. Now suppose blue is collinear and there are n − 1 blue
points. If L is bichromatic, we get (n−1)+(n−2)+1 = |P |−1 bichromatic
lines. If L is monochromatic, we have at least (n − 1) + (n − 2) + (n − 3)
bichromatic lines, which suffices as long as n > 4. Finally, if n = 3 and L
is monochromatic, each of the two blue points on L lies in two bichromatic
lines, otherwise there would be four collinear points and P would be a near-
pencil. 
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It is simple to check that this implies the following.
Corollary 8. There is no counterexample to Theorem 5 with |P |−2 collinear
points.
Using these observations we can establish the following strengthening of
Claim 2.1 in [4].
Lemma 9. There is no counterexample to Theorem 5 with n collinear
points.
Proof. Suppose there is a line L with n or more points of P . Proposition 7
implies that L is bichromatic and that there is at least one red and one blue
point not on L. Suppose there are at least two of each colour not on L.
Then there are at least two bichromatic lines through all except two of the
points on L. Along with L this yields 2n−2 + 1 > |P |−1 bichromatic lines.
Corollary 8 says that there are at least three points not on L. So now
suppose there is only one point p of some colour not on L, and hence at
least two of the other colour, say q1 and q2. If p is red, there are n− 1 red
points and at least one blue point on L. There are at least (n− 1) + (n− 2)
bichromatic lines through the red points on L and {q1, q2}, one bichromatic
line through p and the blue point on L, and L itself, giving 2n− 1.
Finally, if p is blue and there are n − 1 blue points in total, then there
are n − 2 blue points and at least two red points on L. This gives at least
(n−2)+(n−3) bichromatic lines through the blue points on L and {q1, q2},
two bichromatic lines through p and the red points on L, and L itself, giving
2n− 2 = |P | − 1. 
3. Large minimal counterexamples
Kleitman and Pinchasi use proof by induction on the size of P to establish
Theorem 4. They establish an inductive step that works for n > 20 for both
Theorem 4 and Conjecture 1. In this section we reproduce their argument
for the sake of completeness, with a few simplifications. We will also recast
their argument in terms of a search for a minimal counterexample.
Suppose that P is a smallest counterexample to Theorem 5, so removing
a point from P cannot yield another counterexample. Let si,j be the number
of lines determined by P with exactly i red points and j blue points, where
we always assume i+ j > 2.
Lemma 10. We may assume that s1,j = 0 for all j. In particular s1,1 = 0,
so every line determined by just two points is monochromatic. Moreover, by
symmetry, si,1 = 0 for all i in the case of n blue points.
Proof. If s1,j > 1, removing the red point from such a line would yield either
a near-pencil or a smaller counterexample. In the first case, P had all but
two points on a line, contradicting Corollary 8. 
Let S be the number of unordered pairs of points in P with the same
colour, and let D be the number of unordered pairs with different colours.
If there are n blue points then S −D = 2(n2)− n2 = −n. If there are n− 1
blue points then S−D = (n2)+(n−12 )−n(n−1) = 1−n. Thus S−D 6 1−n.
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Clearly D =
∑
i,j>1 ijsi,j . Ignoring the contribution of monochromatic
lines with three or more points, we also have
(1) S > s2,0 + s0,2 +
∑
i,j>1
((
i
2
)
+
(
j
2
))
si,j .
We use a classical inequality due to Melchior [5]. Let ti be the number of
lines containing i points in P .
Theorem 11 (Melchior’s Inequality). Let P be a non-collinear set of points.
Then
t2 > 3 +
∑
i>3
(i− 3)ti .
Since t2 = s2,0 + s0,2 by Lemma 10, combining Theorem 11 with (1) we
get
S −D > 3 +
∑
i,j>1
(i+ j − 3)si,j +
∑
i,j>1
((
i
2
)
+
(
j
2
)
− ij
)
si,j .
Using S − D 6 1 − n this gives the following lower bound on (twice) the
number of bichromatic lines.
(2) 2
∑
i,j>1
si,j > n+ 2 +
∑
i,j>1
(
1
2
(
(i− j)2 + i+ j)− 1) si,j .
Note that coefficients of the si,j on the right hand side of (2) are all positive
because we don’t allow i = j = 1. We wish to minimise the right hand side
subject to the constraint
(3) D =
∑
i,j>1
ijsi,j > n(n− 1) .
The miminum is acheived when the only non-zero si,j is the one for which
the ratio
(4)
1
2
(
(i− j)2 + i+ j)− 1
ij
of the coefficients in (2) and (3) is minimised. This is because this si,j
simultaneously contributes the least to the right hand side of (2) and the
most to the left hand side of (3). Clearly this minimum is acheived when
i = j since this minimises both the difference and the sum relative to the
product (this is the arithmetic-geometric mean inequality). So (4) becomes
(i− 1)/i2, which decreases as i grows larger for i > 2.
Now by Lemmas 6 and 9, we have that 12(i
2 + j2 + i+ j) 6 2n− 2. This
restricts (i, j) to lie within a circle centred at (−12 ,−12). The minimum of
(4) still occurs on the line i = j for this domain. To see this note that the
curves on which (4) is constant are hyperbolas that are symmetric about
i = j and tangent to circles centred on i = j. Thus if k is the maximum
integer such that k2 + k 6 2n − 2, then sk,k is the non-zero variable that
minimises the right hand side of (2). Therefore we may set k =
⌊√
2n
⌋
.
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The constraint (3) implies that k2sk,k > n(n − 1), which implies sk,k >
n(n−1)/k2. Since P is a counterexample, 2∑i,j>1 si,j 6 4n−4. Combining
all this with (2) gives
(5) 4n− 4 > n+ 2 + (
⌊√
2n
⌋
− 1) n(n− 1)
(
⌊√
2n
⌋
)2
.
The right hand side of (5) grows as Ω(n3/2) and the left hand side linearly,
so it must be false for large n. One can check that it is false for all n > 21.
Therefore any minimal counterexamples to Theorem 5 must occur with n 6
20.
4. Small minimal counterexamples
We continue our search for minimal counterexamples with n 6 20. Similar
to Kleitman and Pinchasi, our main tool is computer based linear program-
ming. We include as many extra constraints as we can to eliminate as many
n as possible. In the end we are left with just two cases where a minimal
counterexample may exist. We will eliminate these possibilities with direct
geometric arguments.
As well as constraints arising from the previous discussion, we use Hirze-
bruch’s Inequality [2]. As before, ti is the number of lines containing i points
in P . Note that Corollary 8 ensures that at most |P |−3 points are collinear.
Theorem 12 (Hirzebruch’s Inequality). Let P be a set of points with at
most |P | − 3 collinear. Then
t2 +
3
4
t3 > n+
∑
i>5
(2i− 9)ti .
We also introduce the following three constraints.
Observation 13. Suppose there are n blue points. Each red point can lie
on at most bn/2c lines determined by two or more blue points.
Lemma 14. Suppose P is a set of n red and n (or n− 1) blue points, and
suppose there is a line L with r red and b blue points. Let r′ = n − r and
b′ = n − b (or b′ = n − 1 − b). Then the number of bichromatic lines is at
least
min
i∈[b′]
{
i+ (r − 1) max
{⌈
b′
i
⌉
, i
}}
+ min
i∈[r′]
{
i+ (b− 1) max
{⌈
r′
i
⌉
, i
}}
.
Moreover, if r, b > 1 we may add one more to this total.
Proof. Consider the red points on L, and suppose that of them r1 is con-
tained in the least bichromatic lines, and the number of these lines (excluding
L) is i. Then the other r− 1 red points on L are each contained in at least i
bichromatic lines (excluding L). But they are also contained in at least
⌈
b′
i
⌉
bichromatic lines since some line through r1 contains at least this many blue
points. 
Observation 15. A minimal counterexample to Theorem 5 must determine
precisely |P | − 2 bichromatic lines. If it has fewer we can remove any point
to obtain a smaller counterexample.
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All in all the constraints are as follows. For brevity they are stated only
for the case of n red and n blue points. The case of n−1 blue points is very
similar.
• ∑(i2)si,j = (n2) (Counting red pairs)
• ∑(j2)si,j = (n2) (Counting blue pairs)
• ∑ ijsi,j = n2 (Counting bichromatic pairs)
• ∑(i+ j − 3)si,j 6 −3 (Melchior’s Inequality 11)
• s1,1+s0,2+s2,0+ 34(s0,3+s1,2+s2,1+s3,0) > 2n+
∑
i+j>5(2i+2j−9)si,j
(Hirzebruch’s Inequality 12)
• If i+ j > n then si,j = 0 (Lemma 9)
• If i = 0 or j = 0 then si,j = 0 (Lemma 10)
• If i2 + i+ j2 + j > 4n− 2 then si,j = 0 (Lemmas 6 and 9)
• ∑j>2 isi,j 6 n bn/2c (Observation 13)
• ∑i>2 jsi,j 6 n bn/2c (Observation 13)
• Constraints from Lemma 14
• ∑i,j>1 si,j = 2n− 2 (Observation 15)
• si,j ∈ N0
Running this linear program1 for each case with n 6 20 yields just two
cases with a feasible solution. They are the cases of 8 red and 7 blue points,
and 6 red and 5 blue points.
In the first case, with 8 red and 7 blue points, the linear program returns
a solution with s2,3 = 3. If one adds the constraint that s2,3 = 0, there
is no longer a feasible solution. So suppose that s2,3 > 1. Consider a line
L containing 3 blue points b1, b2 and b3, and not containing 6 of the red
points. Using the proof method from Lemma 14, one can check that b1
has 2 lines through the reds, and b2 and b3 have 3 (other cases don’t yield
a counterexample). Transform L to the line at infinity with a projective
transformation. Then the 6 red points lie on two parallel lines through b1,
with three reds on each. They also lie on three parallel lines through b2.
Finally, they should also lie on another set of three parallel lines through
b3. This is clearly impossible – for example, note that there is only one
non-crossing straight edged matching on the six red points.
In the case with 6 red and 5 blue points, the linear program returns a
solution with s2,2 = 6, s0,2 = 4, s2,0 = 6 and s2,1 = 3. If one adds the
constraint that s2,2 6 5, there is no longer a feasible solution. Similarly,
there are no solutions with s2,2 > 7, and also none with s2,1 6 2. We
will show that this is not geometrically realisable. We will work in the
projective plane and make use of the following well known fact. It is simply
the statement that one projective basis can be transformed to another.
Proposition 16. Let V and W be real projective planes. Given v1, . . . , v4 ∈
V in general position and w1, . . . , w4 ∈ W in general position, there exists
a unique collineation (a bijection that preserves collinearities) from V to W
that maps each vi to wi.
Proposition 17. It is not possible to arrange 6 red points and 5 blue points
in the plane so that s2,2 = 6 and s2,1 = 3.
1The program used to generate the linear programs for each case is available from the
author’s web page www.ms.unimelb.edu.au/~mspayne/.
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L
Figure 1. Construction for Proposition 17.
Proof. Suppose for contradiction that s2,2 = 6 and s2,1 = 3. This gives 30
bichromatic pairs, so there can be no more bichromatic lines. This implies
that every blue point is on three lines containing two red points. Label
the points r1, . . . , r6 and b1, . . . , b5. Suppose {r5, r6, b1, b2} lie on a line L.
Since b1 is collinear with two pairs in {r1, r2, r3, r4}, this set is in general
position. Hence by Proposition 16 we may assume that they are the ver-
tices of a square, with coordinates (−1, 1), (1, 1), (−1,−1) and (1,−1) re-
spectively, as shown in Figure 1. Since b2 is also collinear with two red
pairs in {r1, r2, r3, r4}, we may also assume, without loss of generality, that2
b1 = r1r2 ∩ r3r4 = (∞, 0) and b2 = r1r4 ∩ r2r3 = (0, 0).
There is another blue point on the line r1r2 (with equation y = 1), say
b3, and a further blue point on r3r4 (with equation y = −1), say b4. The
position of either b3 or b4 determines the set {r5, r6}. That is, {r5, r6} =
{L∩ b3r3, L∩ b3r4} = {L∩ b4r1, L∩ b4r2}. Since the configuration described
thus far is symmetric about the line y = 0, it follows that if b3 = (a, 1) for
some real number a, then b4 = (a,−1).
At this stage there are six bichromatic lines with only one blue point: r1r4,
r4r6, r6r2, r2r3, r3r5 and r5r1. There is one blue point b5 left to determine,
and it must lie on three of these lines. Note that the bichromatic lines form
a cycle on the blue points in the order listed. Neighbours in the cycle share
a red point, so cannot share a blue point, and so b5 lies on alternating lines
in the cycle. By symmetry in the line y = 0, we may assume b5 lies on
r2r3, r4r6 and r5r1.
2This is the point at infinity in the direction of the x-axis.
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Since r2r3 is the line x = y, we can say that b5 = (c, c) for some real
number3 c. Since b5 lies on r5r1 = b4r1, we have
(c, c) = λ(a,−1) + (1− λ)(−1, 1)
for some parameter λ. Eliminating λ from these two equations yields
ac = a− 1− 3c .
Similarly, since b5 lies on r4r6 = b3r4, we have
(c, c) = γ(a, 1) + (1− γ)(1,−1)
for some parameter γ. Eliminating γ from these two equations yields
ac = 3c− a− 1 .
Equating both expressions for ac yields a = 3c, and substituting this into the
above equation yields 3c2 = −1. This contradiction concludes the proof. 
Acknowledgements. I would like to thank Brendan McKay for some fruit-
ful discussions.
References
[1] Nicolaas G. de Bruijn and Paul Erdo˝s. On a combinatorial problem.
Nederl. Akad. Wetensch., Proc., 51:1277–1279, 1948.
[2] Friedrich Hirzebruch. Singularities of algebraic surfaces and characteris-
tic numbers. In The Lefschetz Centennial Conference, Part I, volume 58
of Contemp. Math., pages 141–155. Amer. Math. Soc., 1986.
[3] Leroy M. Kelly and William O. J. Moser. On the number of ordinary
lines determined by n points. Canad. J. Math., 10:210–219, 1958.
[4] Daniel J. Kleitman and Rom Pinchasi. A note on the number of
bichromatic lines. 2003. http://www2.math.technion.ac.il/~room/
ps_files/KP_bichnum.pdf.
[5] Eberhard Melchior. U¨ber Vielseite der projektiven Ebene. Deutsche
Math., 5:461–475, 1941.
[6] Theodore S. Motzkin. Nonmixed connecting lines. Notices Amer. Math.
Soc., 14:837, 1967.
[7] George B. Purdy and Justin W. Smith. Bichromatic and equichromatic
lines in C2 and R2. Discrete Comput. Geom., 43(3):563–576, 2010.
Computer Science Department
Universite´ Libre de Bruxelles
Belgium
E-mail address: mpayne@ulb.ac.be
3The point b5 could also be at infinity on r2r3. This case is easily excluded by inspection
since both r4r6 and r5r1 would need to be parallel to r2r3. There is no value of a that
achieves this.
